INTRODUCTION
Rectangular waveguides with various kinds of discontinuity are widely used in the design of microwave components, such as multiplexers, power dividers, and filters in modern communication systems. The accurate analysis of waveguide discontinuities has been one of important subjects to establish the design method for several decades. A variety of purely numerical techniques or analytical and numerical approaches have been developed for analyzing the bends and T-junctions in rectangular waveguides. The finite element method [1] , the boundary element method [2] , and the method of lines [3, 4] are versatile numerical techniques and have been successfully applied to solve the H-plane or E-plane discontinuities. However these methods require considerable computational effort.
The mode-matching method is typical of analytical and numerical approaches. A wide range of waveguide discontinuities has a configuration in which several uniform waveguide sections are connected through a cavity region. The mode-matching method uses the expansions of the fields in the waveguide sections in terms of their normal modes. The expanded fields are matched to those of the cavity region to obtain the modal scattering matrix of the discontinuity. This requires a resonant mode expansion of the cavity fields [5, 6] or the use of dyadic Green's function in the cavity region [7] . In order to avoid such a sophisticated field analysis of the cavity, various techniques [8, 13] based on equivalent circuit concepts have been incorporated in the modematching procedure. The cavity problem with multiapertures can be reduced [8] to a superposition of simpler cavity problems by subsequently shorting all apertures but one, to which the field expansions by the normal modes can be applied. This principle has been used to analyze asymmetric series E-plane T-junctions [9] and generalized rectangular aperture-coupled T-junctions [10] . The three plane modematching technique [11] has been presented for characterizing symmetric E-and H-plane T-junctions. This technique reduces the problem of T-junctions to a waveguide discontinuity problem of three waveguides, and the scattering matrix of the original T-junction can be calculated by analyzing the discontinuity problem three times with different positions of the short circuit on the side arm. Recently this approach has been extended to the port reflection coefficient method [12] for multiport waveguide junctions. A mode-matching technique [13] similar to [8] has been developed to obtain the generalized admittance matrix in closed form for three-and four-port waveguide junctions. The mode-matching method combined with the equivalent-circuit concepts [8] [9] [10] [11] [12] [13] provides a rigorous and efficient technique for analyzing rectangular waveguide junctions, without using the dyadic Green's function in the cavity region. However the method requires that the reduced waveguide structures with the short circuit in different positions be repeatedly treated.
In this paper, we present the mode-matching method combined with the Fourier transform technique for analyzing rigorously rectangular waveguide junctions. In this method, the fields of the main waveguide represented by the Fourier integral are matched to those of the side arm expressed in term of an infinite set of normal modes. The mode-matching process in the spatial domain has been discussed [14] for the E-plane T-junction to derive a singular integral equation for the aperture field, which leads the variational form for the equivalent circuit parameters. When the mode-matching is performed in the Fourier transformed domain, on the other hand, a set of linear alge-braic equations for the field expansion coefficients is obtained, from which the circuits parameters are numerically determined. Recently this approach has been successfully applied to the aperture problems [15, 16] in parallel-plate waveguides and a problem of open junctions [17] in a rectangular waveguide. However one notes a difficulty in applying the approach to general configurations of waveguide junction in which there is no uniform waveguide section of infinite extent. Here the image theory based on the equivalence principle is adopted. We introduce an image waveguide to the side-arm of the junction and transform the original problem into an aperture problem in a uniform rectangular waveguide of infinite extent. Then the fields in the cavity region are expressed by Fourier integrals, which can be evaluated in closed form by a simple residue-calculus. The fields are matched to those of other arms expanded by the respective normal modes. This yields a system of linear equations to determine the scattering parameters of the junction. The main advantage of the method is that the scattering parameters are calculated at one time by solving matrix equations of relatively small dimensions, without repeating the analyses for the reduced waveguide structures with several short circuit conditions.
The proposed method is applied to the analyses of right-angle corner bends in rectangular waveguides, symmetric E-and H-plane Tjunctions, asymmetric E-and H-plane T-junctions, and asymmetric series E-plane T-junctions. It is shown that the convergence of our numerical solutions is very fast. The results are compared with available numerical and experimental data [2, 4, 6, 9, 11] . The good agreement between them confirms the validity of the present method. Figure 1 (a) shows a cross sectional view in the y -z plane of an asymmetric T-junction, which consists of three rectangular waveguides I , II , and III . The cross sectional dimensions of three waveguides are 2a × 2w I , 2a × 2w II , and 2a × 2b in the x -y plane, respectively. The left side end of semi-infinite waveguide III is short-circuited at y = 0 . This junction represents a E-plane T-junction when a > b and a Hplane T-junction when a < b . In order to apply the Fourier transform technique to the fields in the semi-infinite waveguide III , we introduce an image waveguide structure in y < 0 . with respect to y = 0 . The electric and magnetic fields in y < 0 are defined through the following relations of symmetry:
FORMULATION OF THE PROBLEM
By introducing the image waveguides, the semi-infinite waveguide III was transformed into an infinite uniform waveguide to which we can apply the Fourier transform technique.
E-plane Asymmetric T-junction
We discuss first the case of E-plane T-junction with a > b . For the analysis of series T-junctions discussed later, we consider a general situation in which both T E 1m and T M 1m modes are incident in the waveguides I and II . Since the E-plane T-junction has the common dimension 2a in the x direction, the fields scattered into waveguides I , II , and III have the same x dependence as the incident waves. We use the field representation by the longitudinal section T E x 1m waves [9] . Then the incident and scattered waves in waveguides I and II are expressed by the magnetic Hertzian vectors as follows:
where 
The Fourier transform technique is used to represent the transmitted fields in waveguide III on the basis of discussion in the preceding subsection. The magnetic Hertzian vector in waveguide III are then expressed by using the Fourier integrals as follows:
, and A(η) and B(η) are unknown spectral functions. The electric field derived from (4) satisfies the boundary conditions on the conducting walls at x = ±a .
The tangential components of electric and magnetic fields derived from (3) and (4) should be continuous across the boundary planes z = ±b . These boundary conditions may be expressed as
The boundary conditions for the electric fields are first applied. The electric fields derived from (3) and (4) are substituted into (5), and Fourier transforms of the resulting expressions are calculated. This leads to a set of equations which relate the unknown spectral functions A(η) and B(η) to the expansion coefficients A νm and B νm as follows:
where
Using ( 
where n is nonnegative integers. This leads to a set of linear equations for the expansion coefficients A νm and B νm as follows:
for n = 0, 1, 2, · · · where
for ν, µ = I, II.
The integrals in (11) and (12) can be evaluated in closed form by a simple residue-calculus. For example, we have
with
where η p = k 2 0 − (π/2a) 2 − (pπ/2b) 2 , and δ mn denotes the Kronecker delta. Although other details have been omitted, F ν and G µ ν are given in terms of the series with very fast convergence in proportion to η −3 p . When the excitation condition is given, the amplitudes A νm of incident T E x 1m modes into waveguide ν are specified. Then (9) and (10) are solved to obtain the unknown expansion coefficients Bνm for the scattered waves into waveguides I and II , after truncating the modal expansion up to m = M . The results are used in (7) to determine the unknown spectral functions A(η) and B(η) . When the T-junction in Fig. 1 (a) with a > b is excited by T E 10 mode incident from waveguide I , we have A Im = 0 for m > 0 and A IIm = 0 for m ≥ 0 . For this excitation, the scattering parameters are calculated in terms of expansion coefficients rooted by (9) and (10) with (7) as follows:
The other elements of scattering matrix are obtained by changing the port of initial excitation. The present Fourier transform technique is easily extended to two series T-junctions as shown in Fig. 2 . Since waveguides II and I are common to both T-junctions, we have 
Although the matrix size becomes a little larger, the solutions are obtained by connecting two systems of linear equations as (9) and (10) for each isolated single T-junction through the relations (19).
H-plane T-junction
When a < b , the junction shown in Fig. 1 represents a H-plane T-junction. In this case, we use the field representation in terms of T M X waves. Let the T E 01 mode with the amplitude A 0 be incident from z = −∞ in waveguide I . Then the incident and scattered waves into waveguides I , II , and III are expressed by the electric Hertzian vectors as follows: 
A m and B m are unknown expansion coefficients, and C(η) and D(η) are unknown spectral functions. Following the similar analytical technique to the E-plane case, we have the following relations:
The linear equations to determine the unknown expansion coefficients A m and B m are also given by
The integrals in (27) and (28) can be evaluated in closed form by a simple residue-calculus. Equations (25) and (26) are solved to obtain the unknown expansion coefficients A m and B m , after truncating the modal expansion up to m = M . The results are used in (23) to determine the unknown spectral functions C(η) and D(η) . Then the elements of the scattering matrix for the H-plane T-junction are given as follows:
where α = k 2 0 − (π/2b) 2 .
NUMERICAL EXAMPLES
The proposed Fourier transform technique has been applied to various kinds of discontinuities in rectangular waveguides, and the results have been compared with those obtained by other numerical approaches.
Although the present analysis is valid for any excitation, we assumed that the T E 10 mode is incident from z < −b in waveguide I for the E-plane problem and the T E 01 mode is incident for the H-plane problem. The scattering parameters were calculated from (15)- (17) and (29)- (31) for the respective cases. We considered first a right angle corner bend with w II = d II = 0 and d I = w I in Fig. 1 . The reflection coefficient |S 11 | is plotted in Fig. 3 as functions of the normalized frequency f/f c for the E-plane bend, where f c is the cutoff frequency of T E 10 mode in waveguide I . The marked values show the result obtained by the mode-matching method with the resonant mode expansion [6] for b/a = 0.5 . Our result is in good agreement with that of the mode-matching method. It is seen that the return loss in the bend is significantly reduced with the decreasing b/a . Figure 4 shows the scattering parameter |S 21 | 2 for the H-plane bend as a function of the normalized frequency f/f c , where f c is the cutoff frequency of T E 01 mode in waveguide I . In this case, the scattering parameters are independent of the waveguide dimension a in the x direction.
The marked values show the result obtained by the boundary element method [2] . We can see a very close agreement in both results. Table  I shows the convergence of the solutions versus the truncated number of modal expansion in waveguide I . When the mode number is truncated at M = 7 ( M = 3 ) for E-plane (H-plane) bend, the errors in computation are achieved to be less than 0.1 %. The convergence is faster in the H-plane bend than in the E-plane bend. It is worth emphasizing that the results given in Table I satisfy image waveguide in y < 0 . We have used the lowest nine modes in waveguides I and II for the junction in E-plane and the lowest five modes for the junction in H-plane. The same numbers of modes are used for the E-plane and H-plane problems throughout the numerical examples in the following. The scattering parameters of the symmetric E-plane T-junction with a = 2b = 1.7 inch and d I = d II = w I = w II = 0.85 inch are shown in Fig. 5 and compared with those obtained by the three plane mode-matching technique [10] and the measured data [10] . In Fig. 5 , λ g denotes the wavelength of T E 10 mode in waveguide I. Fig. 7 as functions of frequency and compared with those obtained by the T E x mode-matching method [9] and the method of lines [4] . The present results agree well with those of the method of lines. Some discrepancy is observed in the results of the T E x mode-matching method. This is because the number of modes used in [9] was not sufficient for the accurate computation. Figure 8 Fig. 9 and compared with those obtained by the T E x mode-matching method [9] . We can see that both results show similar features as functions of frequency. The results of the T E x mode-matching method [9] include some errors, since the number of modes used in the modal expansion was not sufficient. The discrepancy with the present accurate analysis is less than about 4% for the two series case. 
CONCLUSION
A rigorous and efficient method for the analysis of rectangular waveguide junctions has been presented. The method is a combination of the Fourier transform technique and mode-matching. By introducing an image waveguide to the side-arm of a junction, the problem of waveguide junction has been reduced to a simpler aperture problem in a uniform rectangular waveguide to which the Fourier transform technique can be applied. The fields in the cavity region expressed by the Fourier integrals are evaluated in closed form by a simple residue-calculus. This reduces significantly the number of unknowns for characterizing the waveguide junction. The scattering parameters can be calculated by solving matrix equations of relatively small dimensions. The numerical results for right-angle corner bends, symmetric E-and H-plane T-junctions, asymmetric E-and H-plane T-junctions, and asymmetric series E-plane T-junctions agree very well with literatures. 
